Introduction
Let p be an odd prime. For each integer a with 1 a p − 1, we know that there exists one and only one b with 1 b p − 1 such that ab ≡ 1 (mod p). Lehmer [2] asks us to find the number of (a, b) in which a and b are of opposite parity with the 1.
Wenpeng Zhang [7] has studied the problem and has got
It is also known that Wenpeng Zhang [8] has proved the formula
from which it can be concluded that the error term of N (c, p) may be the best estimate. There are many other results about the problem by a lot of scholars ( [6] , [5] , [3] , [4] ). Let E 1 , E 2 , . . . , E m be fixed numbers of the set {0, 1}, and let a 1 , a 2 , . . . , a m (1 a i p, i = 1, 2, . . . , m) be of opposite parity with E 1 , E 2 , . . . , E m respectively such that a 1 a 2 . . . a m ≡ c (mod p). As a general case of N (c, p), we define
and denote
2 m−1 . In this paper, we will study the mean value of the sums defined above, that is
for the odd prime p and any integers m 2, and get an interesting asymptotic formula. That is, we will prove the following theorem.
Theorem. Let p be an odd prime, let E 1 , E 2 , . . . , E m be fixed numbers of the set {0, 1}, let E(c, m, p) be defined as above. Then for any integers m 2 and 1 c p − 1 we have the asymptotic formula
where
denotes the product for all primes except p If m = 2, c = 1, and E 1 , E 2 are of opposite parity (such as
we have the following corollary.
Corollary. Let p be an odd prime, and E(c,
we have the asymptotic formula
Some lemmas
To complete the proof of the above theorems, we need the several lemmas.
Lemma 1. Let p be an odd prime, and let χ denote the Dirichlet character modulo p. Then we have the identities
is the Dirichlet L-function and i is the imaginary unit. P r o o f. See [7] . Lemma 2. Let p be an odd prime, let E 1 , E 2 , . . . , E m be fixed numbers of the set {0, 1}. For any integer c (1 c p − 1) and m 2, define
Then we have
where χ is the Dirichlet character modulo p, τ (χ) is the Gauss sum, L(1, χ) is the Dirichlet L-function and i is the imaginary unit. . . .
. . . . . .
where we have used mathematical induction to prove that all of the sums are zero except the first and the last. Therefore according to Lemma 1, we have
This proves Lemma 2.
Lemma 3. Let q be an odd integer, d m (n) the m divisor function. Then for any positive integer m 2 and any integer k 0, we have
where ζ(s) is the Riemann zeta function, ′ n denotes the summation over n except (n, q) = 1, Lemma 4. Let p be an odd prime, let χ denote the Dirichlet character modulo p and L(1, χ) the Dirichlet L-function. Then for any integer k (= 0, ±1, ±2, . . .) and m 2 we have 
Obviously the above formula also holds for s = 1 and χ(−1) = −1. Hence according to the definition of the Dirichlet L-function, for any integer k we have
Now we will estimate each term of the above.
(i) From the orthogonality relation for character sums modulo p, we know that for (p, nl) = 1 we have the identity (see [1] )
Then according to Lemma 3, we can easily get
According to the properties of d m (n) we have
Applying the Cauchy inequality and Lemma 4 in [8] we can easily get
Therefore, we have
(iii) Similarly, we also have
(iv) Using the method of (ii), we have 
Proof of Theorem
In this section, we complete the proof of the theorem. First, from the definition of E(c, m, p) and the orthogonality of character sums we have This completes the proof of Theorem.
